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Abstract
This paper is concerned with the interior regularity for nonlinear sub-elliptic systems
with Dini continuous coeﬃcients under superquadratic controllable growth
conditions in Carnot groups. We adapt the technique of theA-harmonic
approximation to the case of sub-elliptic systems in divergence form, and we show a
partial regularity result for weak solutions. In particular, our result is optimal in the
sense that in the case of Hölder continuous coeﬃcients we obtain directly the
optimal Hölder exponent for the horizontal gradient of weak solutions on its regular
set.
Keywords: optimal partial regularity; Dini continuity coeﬃcient; controllable growth
condition; Carnot group; sub-elliptic system
1 Introduction and statements of main results
In this paper, we consider the following nonlinear sub-elliptic systems under superqua-




XiAαi (ξ ,u,Xu) = Bα(ξ ,u,Xu) in ,α = , , . . . ,N , (.)
where  is a bounded domain in G, X = {X, . . . ,Xk} with Xi (i = , . . . ,k) to see the next
section (.) below, u = (u, . . . ,uN ) :  → RN , Aαi (ξ ,u,p) :  × RN × Rk×N → Rk×N , and
Bα(ξ ,u,p) : × RN × Rk×N → RN .
Under the coeﬃcients Aαi assumed to be Dini continuous, the purpose of this paper is
to establish optimal partial regularity to the system (.) under the superquadratic con-
trollable growth conditions. Such an assumption is much weaker than the assumption of
Hölder continuity; see [, ] for the case of sub-elliptic systems.More precisely, we assume
for the continuity of Aαi with respect to the variables (ξ ,u) that
(
 + |p|)–m ∣∣Aαi (ξ ,u,p) –Aαi (ξ˜ , u˜,p)
∣∣ ≤ κ(|u|)μ(d(ξ , ξ˜ ) + |u – u˜|) (.)
for all ξ , ξ˜ ∈ , u, u˜ ∈ RN , and p ∈ Rk×N , where κ : (, +∞) → [, +∞) is nondecreasing,
and μ : (, +∞)→ [, +∞) is nondecreasing and concave with μ(+) = . We also require
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dρ <∞, for some r > . (.)
We employ the method of anA-harmonic approximation to investigate the sub-elliptic
system (.) under this weaker assumption, and we establish optimal partial regular-
ity results: Roughly speaking, assume additionally to the standard hypotheses (see pre-
cisely (H), (H), and (H) below) that ( + |p|)–m Aαi (ξ ,u,p) satisﬁes (.) and (.). Let
u ∈HW ,m(,RN ) be a weak solution of (.). Then u is of class C outside a closed singu-
lar set Singu⊂  of Haarmeasure . Furthermore, for ξ ∈ \Singu, the derivative Xu of
u has the modulus of continuity r →M(r) in a neighborhood of ξ. Our result is optimal
in the sense that when μ(ρ) = ργ ,  < γ < , we have M(r) = γ –rγ , and ,γ regularity is
known to be optimal in that case; see [].
As is well known, one, in general, cannot expect that weak solutions of the sub-elliptic
system (.) will be classical, i.e. C-solutions, even under reasonable assumptions on Aαi
and Bα . This was ﬁrst shown by De Giorgi [] in the Euclidean space; we also refer the
reader to Giaquinta [], and Chen and Wu [] for further discussion and additional ex-
amples. Then the goal is to establish partial regularity theory. Moreover, a new method
called A-harmonic approximation technique is introduced by Duzaar and Steﬀen in [],
and simpliﬁed by Duzaar and Grotowski in [], to study elliptic systems with quadratic
growth case. Then similar results have been proved for more general Aαi or Bα in the Eu-
clidean setting; see [–] for Hölder continuous coeﬃcients, and [–] for Dini con-
tinuous coeﬃcients.
However, turning to sub-elliptic equations and systems in Carnot groups, some new
diﬃculties will arise due to non-commutativity of the horizontal vectors Xi. With regard
to cases of sub-elliptic equations, we refer the reader to Domokos [–], Capogna [,
], Manfredi andMingione [], andMingione et al. [] for more interesting results and
details. Several results were focused on sub-elliptic systems. Capogna and Garofalo [],
and Shores [] considered the quadratic growth case, and Föglein [], Wang and Niu
[], and Wang and Liao [] treated non-quadratic cases. We note that the assumption of
Hölder continuity on the coeﬃcients Aαi is required for those regularity results of sub-
elliptic systems mentioned above.
When the assumption of Hölder continuity of Aαi is weakened to Dini continuity, one
may ask how to establish partial regularity for the nonlinear sub-elliptic systems under
superquadratic controllable growth conditions in the Carnot groups. This paper is de-
voted to this topic. To deﬁne weak solutions to (.), we assume the following structure
conditions on Aαi and Bα :





∣∣ ≤ L( + |p|)m– , (ξ ,u,p) ∈  × RN × Rk×N ,m > , (.)
where we write Aα
i,pjβ












 + |p|)m–|η|, ∀η ∈ Rk×N . (.)
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(H) There exist a modulus of continuity μ : (, +∞) → [, +∞) and a nondecreasing
function κ : [, +∞)→ [, +∞) such that
(
 + |p|)–m ∣∣Aαi (ξ ,u,p) –Aαi (ξ˜ , u˜,p)
∣∣ ≤ κ(|u|)μ(d(ξ , ξ˜ ) + |u – u˜|). (.)
(H) The term Bα satisﬁes the superquadratic controllable growth condition
∣∣Bα(ξ ,u,p)
∣∣ ≤ c( + |u|r– + |p|m(r–)/r), (.)
where c is a positive constant, and r = mQQ–m if m <Q; or Q≤ r < +∞ ifm =Q.
Without loss of generality we can assume κ ≥  and that
(μ) μ is nondecreasing with μ(+) = , μ() = ;
(μ) μ is concave, in the proof of the regularity result we have to require that r → r–γ μ(r)
is nonincreasing for some exponent γ ∈ (, );





dρ <∞ for some r > .
Note that (H) one infers
∣∣Aαi (ξ ,u,p) –Aαi (ξ ,u, p˜)
∣∣ ≤ C(L)( + |p| + |p˜|)m– |p – p˜|, (.)
and there exists a continuously nonnegative and bounded function ω(s, t) : [,∞) ×
[,∞) → [,∞), where ω(s, ) =  for all s, and ω(s, t) is monotonously nondecreasing
in s for ﬁxed t; ω(s, t) is concave and monotonously nondecreasing in t for ﬁxed s, such






∣∣ ≤ C( + |p| + |p˜|)m– ω(|p|, |p – p˜|). (.)
Further (H) allows us to deduce the following inequality; see [] for more details:
(
Aαi (ξ ,u,p) –Aαi (ξ ,u, p˜)
)
(p – p˜)≥ λ
(|p – p˜| + |p – p˜|m), (.)
with a positive constant λ.
To obtain partial regularity for weak solutions, the key point is to establish an excess-









Bρ (ξ) udξ = |Br(ξ)|–G
´
Bρ (ξ) udξ , which itself leads to the continuity of the
horizontal gradient Xu of the weak solution u via the integral characterization of continu-
ity by Campanato; see []. Since the non-commutative basic vector ﬁelds {Xi} of Lie alge-
bras corresponding to the Carnot group are more complicated than gradient vector ﬁelds
{ ∂
∂xi } in the Euclidean space, we have to ﬁnd diﬀerent auxiliary functions in treating sub-
elliptic systems. Besides, the non-horizontal derivatives of weak solutions will appear in
the Taylor type formula on the Carnot groups and cannot be controlled under the present
hypotheses. So the method employing Taylor’s formula in [] cannot trivially be adapted
to our cases.We apply the Poincaré type inequality in [] instead of Taylor’s formula, and
we establish the main results.
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Theorem  Assume that coeﬃcients Aαi and Bα satisfy (H)-(H), (μ)-(μ). Let u ∈
HW ,m(,RN ) be a weak solution to the system (.), i.e.,
ˆ

Aαi (ξ ,u,Xu)Xiϕα dξ =
ˆ






Then there exists a relatively closed set Singu ⊂  such that u ∈ C(\Singu,RN ). Fur-
thermore, Singu⊂  ∪  and Haar meas (\Singu) = , where
 =
{













∣∣ dξ > 
}
.
In addition, for τ ∈ [γ , ) and ξ ∈ \Singu the horizontal derivative Xu has the modulus
of continuity r → rτ +M(r) in a neighborhood of ξ.
2 Preliminaries
ACarnot groupG of step r is a simply connected, nilpotent Lie group whose Lie algebra G
admits a stratiﬁcation, i.e., G = V  ⊕V  ⊕· · ·⊕Vr , such that [V ,Vj] = Vj+, j = , . . . , r–,
and [V ,Vr] = {}. Let Xli denote a left-invariant basis vector ﬁeld of Vl with  ≤ l ≤ r
and ≤ i≤ml , whereml is the dimension of Vl . For the sake of simplicity, we let Xi = Xi ,
k =m,X = {X, . . . ,Xk} be the basis of left-invariant vector ﬁelds ofV , and denote by∇G =
(X, . . . ,Xk) the sub-elliptic gradient. We will say that Xi (i = , . . . ,k) are the horizontal
vector ﬁelds with the form
Xi = ∂i +
n∑
j=i+
aij(ξ )∂j, Xi() = ∂i, (.)
where aij(ξ ) is a polynomial in ξ . For a vector valued function u = (u, . . . ,uN ) : G → RN ,
we let Xiuα (i = , . . . ,k, α = , . . . ,N ) be a horizontal direction derivative, and say that Xu








x,x, . . . ,xm ;x

 , . . . ,xm ; . . . ;x
r
, . . . ,xrml
) ∈G,













For any ξ ,η ∈ G, we set d(ξ ,η) = d(η– ◦ ξ ), where η– = –η = (–η, . . . , –ηr) is the inverse
of η, and ◦ is the multiplication rule in G deﬁned by ξ ◦ ξ˜ = ξ + ξ˜ + P(ξ , ξ˜ ), ξ , ξ˜ ∈G, where
P :G×G →G has polynomial components.
We denote by ωG = |B(ξ, )|G the volume of unit pseudo-ball. Then the volume of
the pseudo-ball BR(ξ) = {η ∈G|d(ξ, ξ ) < R} is given by |B(ξ,R)|G = ωGRQ, where Q =∑r
l= lml is the homogeneous dimension of G.
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The horizontal Sobolev space HW ,p() (≤ p <∞) is deﬁned as
HW ,p() =
{
u ∈ Lp() : Xiu ∈ Lp(), i = , , . . . ,k
}
.
Then HW ,p() is a Banach space with the norm




Lu [] showed the following Poincaré type inequality related to Hörmander’s vector
ﬁelds for u ∈HW ,q(BR(ξ)),  < q <Q, ≤ p≤ qQQ–q :
( 
BR(ξ)












Br (ξ) udξ = |Br(ξ)|–G
´
Br (ξ) udξ . Note the fact that the horizontal vectors
Xi deﬁned in (.) ﬁt the Hörmander’s vector ﬁelds, and that (.) is valid for p = q = m
(≥).
Let  < m,q < ∞, f ∈ Lm() ∩ Lq(). By Hölder’s inequality, it follows for any r with
m < r < q
‖f ‖r ≤ ‖f ‖–αm ‖f ‖αq , (.)





Following [], for technical convenience, letting η(t) = μ(
√
t), we have the correspond-
ing properties for η: (η) η is continuous, nondecreasing and η() = ; (η) η is concave,







dρ] < ∞ for some r > . Changing κ by a constant, but keeping κ ≥ , we can
assume that (η) η() = , implying η(t)≥ t for t ∈ [, ].
From the fact that η is nondecreasing we conclude sη(t)≤ sη(t) for all ≤ t ≤ s. We use
the nonincreasing property of r → η(r)r and η()≤ . Combining both cases we get
sη(t)≤ sη(s) + t, s ∈ [, ], t > . (.)


































dτ = γ( – θγ )H
/(t).
It yields particularly that η(t) ≤ γ  H(t) for all t ≤ , and t → t–γH(t) is also nonincreas-
ing.
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In the sequel, we let ρ(s, t) = ( + s + t)–κ(s + t)–, and K(s, t) = ( + t)mκ(s + t) for
s, t ≥ . The constant C may vary from line to line. Note that ρ ≤  and that s → ρ(s, t),
t → ρ(s, t) are nonincreasing functions.
3 Caccioppoli type inequality
In this section, we begin by introducing the A-harmonic approximation lemma, and the
proof is similar to [], also see Föglein [] with p =  in the Heisenberg group.Wemainly
prove the Caccioppoli type inequality for weak solutions of the systems (.) with control-
lable growth conditions.
Lemma  Let λ and L be ﬁxed positive numbers, and k,N ∈N with k ≥ . Assume for any
given ε > , there exists δ = δ(k,N ,λ, ε) ∈ (, ] with the following properties:
(I) for any A ∈ Bil(Rk×N ) satisfying
A(ν,ν)≥ λ|ν| and A(ν, ν¯)≤ L|ν||ν¯|, ν, ν¯ ∈Rk×N , (.)
(II) for any w ∈HW ,(Bρ(ξ),RN ) satisfying
 
Bρ (ξ)





∣∣∣∣ ≤ δ sup
Bρ (ξ)





Then there exists an A-harmonic function h such that
 
Bρ (ξ)
|Xh| dξ ≤  and ρ–
 
Bρ (ξ)
|h –w| dξ ≤ ε. (.)
Shores in [] established the following prior estimate for the weak solution u to the
sub-elliptic systems with constant coeﬃcients in Carnot groups:
sup
Bρ/(ξ)
(|u| + ρ|Xu| + ρ∣∣Xu∣∣) ≤ Cρ
 
Bρ (ξ)
|Xu| dξ . (.)
Lemma Let u ∈HW ,m(,RN ) be aweak solution to the system (.)under the conditions
(H)-(H) and (μ)-(μ). Then for every ξ = (ξ , ξ  , . . . , ξ r) ∈ , u ∈ RN , p ∈ Rk×N and
 < ρ < R < ρm/ (|u|, |p|)≤  such that BR(ξ)⊂⊂ , the inequality
ˆ
Bρ (ξ)
(|Xu – p| + |Xu – p|m
)
dξ
≤ Cc(R – ρ)
ˆ
BR(ξ)
∣∣u – u –
(




+ Cc(R – ρ)m
ˆ
BR(ξ)
∣∣u – u –
(



















holds, where ξ  = (ξ  , ξ  , . . . , ξ k ) is the horizontal component of ξ = (ξ , . . . , ξ r) ∈ .
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Proof We test the sub-elliptic system (.) with the testing function ϕ = φv with v = u –
u–(ξ  –ξ )p, whereφ ∈ C∞ (BR(ξ),RN ) is a cut-oﬀ function satisfying ≤ φ ≤ , |Xφ| ≤
C
R–ρ , and φ ≡  on Bρ(ξ). This yields
ˆ
BR(ξ)







Bα(ξ ,u,Xu)ϕα dξ .































































=: I + II + III + IV +V , (.)
with the obvious labeling for I-V .












Aαi (ξ ,u,Xu) –Aαi (ξ ,u,p)
]
(Xu – p)φ dξ . (.)
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 + |Xu| + |p|
)m–
















|v|m dξ . (.)



































where κ(·) is abbreviation of the function κ(|u| + |p|). Also note that (.) in the second
last inequality is applied with the assumption R < ρm/ (|u|, |p|)≤ .
Using the Dini continuity condition (H), Young’s inequality, and (.) in II , we obtain














































≤ C(R – ρ)
ˆ
BR(ξ)































))[|Xu – p|φ + |φ||v||Xφ|
]
dξ

































where we have used κ ≥  in the last inequality.
Finally, the term V can be estimated by using the controllable growth condition (H),














































 + |u|r + |Xu|m)dξ
)m(r–)/r(m–)
, (.)
where we have used the fact |Xϕ|m ≤ m–(φm|Xu – p|m + C(R–ρ)m |v|m).




(|Xu – p| + |Xu – p|m
)
φ dξ
























 + |u|r + |Xu|m)dξ
)m(r–)/r(m–)
,
where  = λ – (C +  + m–)ε. The conclusion follows by choosing suitable ε such that
 > . We refer to [] for a similar and detailed argument. 
4 Proof of main theorem
In this section, we will complete the proof of the partial regularity results via the following
lemmas. In the sequel, we always suppose that u ∈ HW ,m(,RN ) with m >  is a weak
solution to (.) with the assumptions of (H)-(H), and (μ)-(μ). First of all, we provide
a linearization strategy for nonlinear sub-elliptic systems as in (.).
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Lemma  Let Bρ(ξ) ⊂⊂  with ρ ≤ ρ
m

 (|u|, |p|) and ϕ ∈ C∞ (Bρ(ξ),RN ) satisfying




























where F(s, t) = K(s, t) + ( + s + t)r– and C = 
m–
 (C(L) + c +  + Cp) > .
Proof We ﬁrst write







ξ,u, θXu + ( – θ )p
)

























































:= I ′ + II ′ + III ′ + IV ′, (.)






ξ,u, θXu + ( – θ )p
)∣∣ m+(– m )
≤ [C( + |p| +
∣∣θ (Xu – p) + p
∣∣)m– ω
(|p|,
∣∣θ (Xu – p)
∣∣)] m





∣∣θ (Xu – p) + p
∣∣)m– ]– m
≤ C(L)( + |p|
)m–
 |Xu – p|m–ω m
(|p|, |Xu – p|
)
. (.)
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Using (.), Hölder’s inequality, the fact that t → ω(s, t) is concave, and Jensen’s inequal-
ity, we have






(|p|, |Xu – p|


























|Xu – p| dξ
){ 
Bρ (ξ)
|Xu – p|m dξ
}m–
m







where we have used the fact mm– <  and the assumption (ξ,ρ,p)≤ .
The term II ′ can be estimated using the Dini continuity condition (.) and the fact that
η(ts)≤ tη(s) for t ≥ . We have






































|Xu – p|m dξ
]










where we have used the fact that η(ρ) ≤ η  (ρ), which follows from the nondecreasing
property of the function η(t), (η), and our assumption ρ ≤ ρ ≤ .
Similarly, it follows that by using (.), (.), and the Poincaré inequality (.) in the
special case p = q = 










































































Note that by the assumption supBρ (ξ) |ϕ| ≤ ρ ≤  and (η), we have











∣∣u – u – p
(




























































)r– + |p|m(– r )
]




 + |u| + |p|
)r–], (.)
where we have used r – ≥m( – /r) and η(s)≤  for s ∈ (, ].
Combining the estimates (.)-(.) with (.), we obtain the conclusion with C =
m– (C(L) + c +  + Cp). 
The following lemma is to establish the excess improvement of the functional  as in
(.). The strategy of the proof is to approximate the given solution by A-harmonic func-
tions, for which suitable decay estimates are available from the classical theory.





















) ≤ δ, (.)
with C = CC, together with the radius condition
ρ ≤ ρm/
(
 + |uξ,ρ |,  +
∣∣(Xu)ξ,ρ
∣∣). (.)
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Then we have the following excess improvement estimate with τ ∈ [γ , ):










where we have abbreviated (ξ, r) =(ξ, r, (Xu)ξ,r), and K∗(s, t) = CF( + s,  + t).











with C >  in Lemma . Then we have Xw = σ –(Xu – (Xu)ξ,ρ). Now we consider
Bρ(ξ)⊂⊂  such that ρ ≤ ρ
m

 (|uξ,ρ |, |(Xu)ξ,ρ |)≤ . It yields
 
Bρ (ξ)
|Xw| dξ = σ –(ξ,ρ)≤ C
≤ . (.)






















In consideration of the smallness condition (.), we see that (.) and (.) imply
the conditions (.) and (.) in Lemma , respectively. Also note that assumptions (H)
and (H) with u = uξ,ρ , and p = (Xu)ξ,ρ , imply the conditions (.). So there exists a
Aα
i,pjβ
(ξ,uξ,ρ , (Xu)ξ,ρ)-harmonic function h ∈HW ,(Bρ(ξ),RN ) such that
 
Bρ (ξ)





|w – h| dξ ≤ ε. (.)
Using Lemma  on the ball Bθρ(ξ) with u = uξ,θρ , θ ∈ (, /], and replacing p by
(Xu)ξ,ρ + σ (Xh)ξ,θρ , we obtain
ˆ
Bθρ (ξ)
(∣∣Xu – (Xu)ξ,ρ – σ (Xh)ξ,θρ
∣∣ +





∣∣u – uξ,θρ –
(
(Xu)ξ,ρ + σ (Xh)ξ,θρ
)(





∣∣u – uξ,θρ –
(
(Xu)ξ,ρ + σ (Xh)ξ,θρ
)(
















 + |u|r + |Xu|m)dξ
]m(r–)/r(m–)
:= I ′′ + II ′′ + III ′′ + IV ′′. (.)
Note that the smallness conditions (.)-(.) imply σ C(= CC+ CFηδ–)≤  with
C = max{C, (θ )–Q}, where we have assumed CCδ ≤ , which is no restriction. Then
it follows by applying the prior estimate (.) for theA-harmonic function h
∣∣σ (Xh)ξ,θρ







 ≤ σ√C ≤ . (.)
Furthermore, it follows by Poincaré inequality (.)
|uξ,θρ | ≤ |uξ,ρ | + |uξ,θρ – uξ,ρ |










≤ |uξ,ρ | + (θ )–Q/ρCp/(ξ,ρ)





≤ |uξ,ρ | + σ
√
C ≤ |uξ,ρ | + , (.)
where we have used the deﬁnition of σ (.) and the fact C > Cp.
Recall that g(τ ) =
´
Bθρ (ξ)(u – τ )
 dξ has a minimal value at τ = uξ,θρ . Noting that u –
((Xu)ξ,ρ + σ (Xh)ξ,θρ)(ξ  – ξ ) has mean value uξ,θρ on the ball Bθρ(ξ), and using the





∣∣u – uξ,θρ –
(
(Xu)ξ,ρ + σ (Xh)ξ,θρ
)(







|w – h| dξ +
 
Bθρ (ξ)
∣∣h – hξ,θρ – (Xh)ξ,θρ
(























where C = C (–Q + CpC)≥ , and in the last inequality we have used the deﬁnition of










|Xh| dξ ≤ Cρ–.
Then it follows
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 . Then there exists t ∈ (, ) such that m =  ( –
t) + m∗ t. Using (.), (.), Young’s inequality, and (.) in turn, we have
 
Bθρ (ξ)
∣∣u – uξ,θρ –
(
(Xu)ξ,ρ + σ (Xh)ξ,θρ
)(





∣∣u – uξ,θρ –
(
(Xu)ξ,ρ + σ (Xh)ξ,θρ
)(






∣∣u – uξ,θρ –
(
(Xu)ξ,ρ + σ (Xh)ξ,θρ
)(



































































(Xu)ξ,ρ + σ (Xh)ξ,θρ
)∣∣m dξ , (.)
here we have used the assumption σ C ≤ . Furthermore, we obtain the estimate for the
term II ′′,






















(Xu)ξ,ρ + σ (Xh)ξ,θρ
)∣∣m dξ . (.)
Also, (.) and (.) yield



















Using the Poincaré type inequality, we have
[ 
Bθρ (ξ)






















(∣∣u – uξ,ρ – (Xu)ξ,ρ
(











































 + |uξ,ρ | +
∣∣(Xu)ξ,ρ
∣∣)m(r–)r(m–)
≤ C( + |uξ,ρ | +
∣∣(Xu)ξ,ρ
∣∣)m(r–)r(m–) , (.)
where in the last inequality we have used the fact (θ )–Q(ξ,ρ) ≤ , implied by the as-



















where we have used Qm(r–)r(m–) ≤Q + mm– and (θρ)
m
m– ≤ η((θρ) mm– ).
Joining the estimates of I ′′, II ′′, III ′′, and IV ′′ with (.), we obtain
ˆ
Bθρ (ξ)

































































–t + ] > .
We set P = (Xu)ξ,ρ + σ (Xh)ξ,θρ . Choosing a suitable small ε >  such that ( –Ccε) > ,
and considering the smallness condition (.) (it implies ρ ≤ ρ(|uξ,θρ |, |P|), see (.)















(|Xu – P| + |Xu – P|m)dξ




























where C = C
Q
[–Ccε] > .
For a given τ ∈ [γ , ), we now specify ε = θQ+, θ ∈ (, /] such that Cθ ≤ θτ . Then
we have


































where C = Cθδ– +C >  and K∗(s, t) = CF( + s,  + t). Then the proof of Lemma 
is complete. 






















With (T) from (.) and (.), we choose ρ(T) ∈ (, ] (depending on Q, N , λ, L, τ ,
ω, η, and κ) such that












) ≤ θQ( – θγ )(θγ – θτ )T, (.)
where K(T) := K∗(T , T).
By the proof method of Lemma . in [] and conditions (.)-(.), Lemma  can
be proved. As we know, it is suﬃcient to complete the proof of Theorem  once we obtain
Lemma .
Lemma  Assume that for some T >  and Bρ(ξ)⊂⊂  we have
() |uξ,ρ | + |(Xu)ξ,ρ | ≤ T;
() ρ ≤ ρ(T);
() (ξ,ρ)≤ (T).
Then the smallness conditions (.)-(.) are satisﬁed on the balls Bθ jρ(ξ) for j ∈N∪ {}.
Moreover, the limit ξ = limj→∞(Xu)ξ,θ jρ exists, and the estimate
 
Bρ (ξ)








holds for  < r ≤ ρ with a constant C = C(Q,N ,λ,L, τ ,T).
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Proof The proof is very similar to the proof of Lemma . in []. We omit it here. 
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